Abstract. The volume density of a hyperbolic link is defined as the ratio of hyperbolic volume to crossing number. We study its properties and a closely-related invariant called the determinant density. It is known that the sets of volume densities and determinant densities of links are dense in the interval [0, voct]. We construct sequences of alternating knots whose volume and determinant densities both converge to any x ∈ [0, voct]. We also investigate the distributions of volume and determinant densities for hyperbolic rational links, and establish upper bounds and density results for these invariants.
Introduction
There is a deep connection between the hyperbolic volume of links and the combinatorics of their diagrams, which is not fully understood. In [CKP15b] , Champanerkar, Kofman and Purcell studied the relationship between the volumes and the determinants of links. We continue this investigation, focusing on the special case of rational (2-bridge) links.
The volume density D vol of a hyperbolic link L is the ratio of volume to crossing number:
D. Thurston showed that the complement of a link L in S 3 can be decomposed by placing an octahedron at each crossing, as explained in [Ada13, Section 5] . Since the volume of a hyperbolic octahedron is bounded above by v oct = 3.6638 . . . , the volume of an ideal regular octahedron, we have the upper bound
This decomposition was modified slightly in [Ada13] to yield vol(L) ≤ v oct (c(L)−5)+4v tet for any hyperbolic link L with c(L) ≥ 5, where v tet = 1.0149 . . . is the volume of an ideal regular tetrahedron. Hence, the volume density of any link is strictly less than v oct .
The authors of [CKP15b] defined the determinant density for a link L, as follows:
where the determinant of a link L is given by det(L) := |∆ L (−1)| and ∆ L denotes the Alexander polynomial of L. For alternating links, the determinant is equal to the number of spanning trees of either Tait graph (see [Cro59] ). Data produced by Dunfield [Dun00] suggests that the volume and determinant densities are closely related.
The following conjecture appears in [CKP15b] and is equivalent to a conjecture by Kenyon about planar graphs [Ken96] :
In [CKP15b] , Champanerkar, Kofman and Purcell constructed geometrically and diagrammatically maximal sequences of links related to the infinite square weave (shown in Figure 1 ), that is, sequences whose volume and determinant densities both approach v oct . Thus, if the conjecture holds, v oct is an asymptotically sharp upper bound for both densities. Further, they proposed the following simple relationship between the two quantities, which they have verified for all alternating knots of up to 16 crossings. Definition 1. Let C vol and C det denote the respective sets of volume and determinant densities for hyperbolic links.
Much recent work has focused on understanding the structure of C vol and C det . In particular, Burton [Bur15] showed that C vol and C det are dense in the interval [0, v oct ]. In Section 2, we extend these results to prove that the set of volume and determinant densities of hyperbolic knots (i.e. one-component links) are dense in [0, v oct ]. Moreover, we show that for any x ∈ [0, v oct ] there exists a sequence of knots
We note in passing that the determinant of alternating knots and links is related to other quantum invariants such as the average of the absolute values of the coefficients of the Jones polynomial, the rank of the reduced Khovanov homology, and the Kashaev invariant. Hence, the density results for determinant densities imply similar density results for these other quantities (see [CKP15a] for more details).
The main purpose of this paper is to study the distributions of volume and determinant densities for the class of hyperbolic rational links. Every rational link is alternating, and can be isotoped to a standard alternating 2-bridge representation with one free strand on the right, as shown in Figure 2 . We call the "vertical chains of bigons" the twist levels of the representation. We use the expression [a 1 , a 2 , . . . , a n ], a i > 0, to denote the rational link with a standard alternating 2-bridge representation with n twist levels, where the ith twist level has a i crossings. is the golden ratio.
Note that the least upper bounds for C rat vol and C rat det differ, and are both smaller than v oct . In [CKP15b] , the links used to form geometrically and diagrammatically maximal sequences contain increasingly large patches of the infinite square weave. This cannot be achieved in the case of rational links, so it stands to reason that the corresponding least upper bounds might be smaller. It is an interesting problem to attempt similar results for 3-bridge hyperbolic links and for k-bridge hyperbolic links in general. As k increases we can construct links which contain incrementally larger portions of the infinite square weave, and therefore we expect the least upper bounds to increase as well. This motivates the following conjecture, which would provide a characterization of the structure of C vol and C det . 
Density results for hyperbolic knots
Theorem 2.1. Given x ∈ [0, v oct ], there exists a sequence of hyperbolic knots whose volume and determinant densities both converge to x.
Proof. Let W n be the 'modified potholder closure' of the n-by-n weave tangle (Figures 3a, 3b) , and let W m n be the result of lengthening a twist region on the boundary of the projection of W n by m crossings, where m is even. It will not matter which twist region we pick. By this construction, W n is an alternating knot with n 2 crossings and W m n is an alternating knot with n 2 + m crossings. By [Men83] , W n and W m n are hyperbolic, because they have alternating non-two braid prime diagrams. In [CKP15b] the sequence {W n } was shown to be geometrically and diagrammatically maximal:
We first consider the behavior of D vol (W m n ) as m and n become large. Let B(W n ) denote the link obtained by replacing the "additional crossings" in the twist region of W m n with a belting component. This means that m of the crossings in the twist region are undone, and a trivial component is added around what used to be the twist sequence (similar to Figure 4c ). Since D vol is bounded above by v oct , and B(W n ) has n 2 + 4 crossings, n 2 coming from W n and 4 coming from the belt, we have that vol(B(W n )) ≤ (n 2 + 4)v oct . We also know that (1, k)-Dehn filling decreases volume [Thu80] , and therefore vol(W m n ) < vol(B(W n )). Finally, a result of Futer, Kalfagianni, and Purcell [Futer2006] provides a bound for the amount the volume can drop due to Dehn filling along a slope s, where is the length of s, and > 2π:
Note that increases without bound as m does. Combining these results,
Dividing by n 2 + m and taking the limit as m and n (and therefore ) approach infinity yields lim m,n→∞
where T e (W n ) denotes the number of spanning trees of T (W n ) which contain e and Tē(W n ) denotes the number of spanning trees which do not contain e. Once these crossings are added, there are exactly m + 1 distinct spanning trees for the Tait graph of W m n for every spanning tree of the Tait graph of W n that contains e, one for each of the multi-edges. The spanning trees that do not contain e remain unchanged. This yields
As m and n become large this last term goes to 0 and D det (W n ) approaches v oct . Therefore 
Volume densities of rational links
In this section, we prove that C rat vol is a dense subset of [0, 2v tet ]. Most of the proofs refer to a specific sequence of rational links with volume densities approaching 2v tet , which we define below.
Definition 3. Let R n be the rational link with the alternating standard 2-bridge representation that has exactly one crossing in each of its n twist levels (Figure 4a ). Let R m n be the result of adding m crossings to the last twist level of R n (Figure 4b) , m an even number. Finally, let B(R n ) denote R n with a belt about its last twist level (Figure 4c ).
In order to prove density results specifically for rational knots, we will make use of the following proposition. Proof. Observe that in R n , every set of 6 crossings returns the three strands to their original positions. Hence, we only need to consider n modulo 6. Checking each of the 6 states, only n ≡ 0, 1 (mod 3) yield knots. Moreover, any odd number of crossings in the last twist level preserves the number of components.
Lemma 3.2. R n is hyperbolic if n ≥ 4, and
Proof. If n ≥ 4, then the standard 2-bridge representation of R n is reduced alternating, connected, with no circles intersecting the projection in two points with crossings on both sides and not obviously a 2-braid. Theorems of Menasco imply that R n is in fact prime, non-split and not 2-braid [Men84] . Hence, R n is hyperbolic when n ≥ 4. To obtain a lower bound for vol(R n ), we use the following inequality due to Futer [FG06, Theorem B.3]:
where R is any hyperbolic rational link and tw(R) is its number of twist regions. Following the methods of [Ada15] , an upper bound for vol(R n ) can be found by using face-centered bipyramids and collapsing the largest two faces in the projection. This yields
For all n ≥ 4, the crossing number is c(R n ) = n, and therefore
Thus lim
Restricting to the links R n that satisfy Lemma 3.1 yields a sequence of hyperbolic rational knots whose volume densities converge to 2v tet from below.
Proof. Suppose that L is a rational link with D vol (L) ≥ 2v tet , and suppose that it has a standard 2-bridge projection with n twist levels. In the face-centered bipyramid upper bound on volume appearing in [Ada15] ,the bipyramids corresponding to the exterior face and the face that shares with it the vertical strand with no crossings can be collapsed. Each remaining face F i of the projection is associated with exactly one twist level. Therefore, if e i is the number of edges of the face F i and a i is the number of crossings in the i th twist level, then
Since the face-centered bipyramid method gives an upper bound
c(L) ≥ 2v tet as well. However, if a regular ideal k-sided bipyramid B k is associated with each face of k edges, then each of the n twist levels contribute vol(B ei ) to β(L). This gives
Therefore either there exists an i such that vol(Be i ) ai > 2v tet , or it is the case that for all i, vol(Be i ) ai = 2v tet . Consider the first case. By the fact that the sequence {vol(B k )} is strictly increasing [Ada15], we need only consider i such that vol(B ai+2 ) a i > 2v tet .
It was proved in [Ada15] that for n ≥ 2 vol(B n ) < 2πlog(n).
Note that for a i = 7, vol(B 7+2 ) < 2πlog(7 + 2) < 14v tet , and that for all a i ≥ 8,
This implies that for such an i, a i ≤ 6. However the bipyramid volumes (which appear in [Ada15] ) for these remaining cases are too small, so such an a i cannot exist.
In the second case, for the first twist region, we have that
But the strictly increasing nature of {vol(B k )} together with the result of case one yields
which also yields a contradiction.
Lemma 3.4. The set of volume densities of rational knots is dense over the interval [0, 2v tet ].
Proof. Let x ∈ [0, 2v tet ]. Given an ε > 0, the goal is to give an R m n satisfying Lemma 3.1 such that |D vol (R m n ) − x| < ε. For x = 2v tet , we have already found such a maximal sequence of rational knots in Lemma 3.2. For x ∈ [0, 2v tet ), choose m and n such that m ≥ 1, m even, n ≥ 4, n ≡ 0, 1 (mod 3), and
From [Thu80] it is known that lim
. Together these statements imply that for any n ≥ 2 there exists an M such that for all m > M ,
For such an m we have the following inequality, where the lower bound follows from [FG06, Theorem B.3] and the upper bound follows from the face-centered bipyramids decomposition of the complement of B(R n ) [Ada15] :
Dividing by crossing number, this becomes
Even with the previous constraints on m and n, we may choose a sufficiently large α ∈ N, α ≡ 0 (mod 3) such that
Then setting M = αm and N = αn, M and N satisfy Lemma 3.1 and
Theorem 3.5. The set C rat vol is a dense subset of [0, 2v tet ]. Proof. This follows immediately from Lemma 3.3 and Lemma 3.4.
Determinant densities of rational links
We now consider the set of determinant densities of rational links. We prove that C rat det is a dense subset of [0, 2π log(φ)] where φ is the golden ratio. It is interesting to note that unlike the case of general hyperbolic links, the closure of C rat vol is a strict subset of the closure of C rat det . To begin, we note that any rational link in our specified projection has a series-parallel Tait graph. Then by [Sto07b] , for all rational links L, D det (L) < 2π log(φ). We show that this upper bound is the least possible.
Lemma 4.1. The determinant densities of the sequence of rational links R n monotonically increase towards an upper bound of 2π log(φ), where φ is the golden ratio.
Proof. The determinant of R n is the n-th Fibonacci number [KL09] , which we denote F n . Noting that the n-th Fibonacci number can be written as
, where
Moreover, taking the derivative of D det (R n )with respect to n shows that the determinant density increases monotonically with n.
Lemma 4.2. The set of determinant densities for rational knots is dense in the interval [0, 2π log φ].
Proof. Let x ∈ [0, 2π log φ] and let R m n be the rational knot as defined previously. Given ε > 0, the goal is to find an R m n such that 2π log det(R m n ) c(R m n ) − x < ε.
By the recursive formula for the number of spanning trees [KL09] , det(R m n ) = (m + 1)F n + F n−1 . Also, c(R m n ) = m + n. In other words, we want to find an m and n such that 2π log((m + 1)F n + F n−1 ) m + n − x < ε.
Observe that 2π m + n log((m + 1)F n + F n−1 ) − 2π m + n log((m + 1)F n ) = 2π m + n log(1 + F n−1 (m + 1)F n ) ≤ 2π m + n log(2).
Thus for sufficiently large n
(1) 2π m + n log((m + 1)F n + F n−1 ) − 2π m + n log((m + 1)F n ) < ε 3 .
From the explicit formula for the n-th Fibonacci number, 2π m + n log((m + 1)F n ) = 2π m + n (log(m + 1) + log(φ n − ψ n ) − log( √ 5)).
It is therefore also the case that for sufficiently large n (2) 2π m + n (log(m + 1) + log(φ n − ψ n ) − log( √ 5)) − 2π m + n (log(m + 1) + log(φ n )) < ε 3 .
Finally, we can choose m and n according to Lemma 3.1 such that n satisfies (1) and (2), and (3) 2π m + n (log(m + 1) + n log(φ)) − x < ε 3 .
The triangle inequality with (1), (2), and (3) then yields 2π log det(R is the golden ratio.
Proof. This follows immediately from Lemma 4.1 and Lemma 4.2.
